ABSTRACT. Let (φ t ) be a semigroup of holomorphic self-maps of D. In this note, we use an abstract approach to define the Königs function of (φ t ) and "holomorphic models" and show how to deduce the existence and properties of the infinitesimal generator of (φ t ) from this construction.
INTRODUCTION
Let Ω be a Riemann surface. A (one-parameter) semigroup (φ t ) of holomorphic self-maps of Ω is a continuous homomorphism t → φ t from the additive semigroup (R ≥0 , +) of nonnegative real numbers to the semigroup (Hol(Ω, Ω), •) of holomorphic self-maps of Ω with respect to composition, endowed with the topology of uniform convergence on compacta. If φ t (Ω) = Ω for some-and hence for all-t > 0, every φ t is an automorphism of Ω and (φ t ) will be called a group.
Let (φ t ) be a semigroup in D := {ζ ∈ C : |ζ | < 1}, the unit disc of C. It is well known that φ t 0 has a fixed point in D for some t 0 > 0 if and only if there exists x ∈ D such that φ t (x) = x for all t ≥ 0. In such a case, the semigroup (φ t ) is called elliptic. Moreover, there exists λ ∈ C with Re λ ≥ 0 such that φ ′ t (x) = e −λt for all t ≥ 0. This number λ is called the spectral value of the elliptic semigroup. If (φ t ) is not the trivial (semi)group φ t (z) ≡ z for all t ≥ 0, then λ = 0 and x is the unique fixed point of (φ t ) and, in this case, x is called the Denjoy-Wolff point of the semigroup. If (φ t ) is a non-trivial elliptic semigroup with spectral value λ , then (φ t ) is a group if and only if Re λ = 0.
If the semigroup (φ t ) is not elliptic, then there exists a unique x ∈ ∂ D such that there is λ ≥ 0 with lim inf z→x The point x is called the Denjoy-Wolff point of the semigroup and λ the spectral value of the non-elliptic semigroup. Moreover, this semigroup is said hyperbolic if the spectral value is nonzero, while it is said parabolic if the spectral value is zero.
From a dynamical point of view, the basic result about semigroups is the so called continuous Denjoy-Wolff theorem. This result says that if the semigroup is elliptic with Re λ > 0 or it is non-elliptic and, in both cases, τ ∈ D is the Denjoy-Wolff point of the semigroup, it holds lim t→+∞ φ t (z) = τ, for all z ∈ D.
The two main objects associated to a semigroup are the infinitesimal generator and the Königs function. The infinitesimal generator G of a semigroup (φ t ) in D is a holomorphic function G : D → C such that ∂ φ t (z) ∂t = G(φ t (z)) for all z ∈ D and all t ≥ 0.
A very famous result due to Berkson and Porta [3] characterizes those holomorphic functions which are infinitesimal generators of a semigroup in D: On the other hand, the Königs function of a semigroup (φ t ) is a univalent function on D which "simultaneously linearizes" the φ t 's. More precisely, if the semigroup is elliptic with spectral value λ = 0, there exists an essentially unique univalent function h : D → C such that h • φ t = e −λt h, for t ≥ 0. Likewise, if the semigroup is non-elliptic, there exists an essentially unique univalente function h :
The usual way (see for instance [1] , [8] ) to define these two elements for a general semigroup is to generate firstly the infinitesimal generator solving the associated Cauchy problem and defining then the Königs function using properties of the infinitesimal generator. This point of view, which is very useful to get analytic information on the Königs function, has however a main drawback: it is not clear whether all "linear models" one can obtain are essentially the same or can be factorize through the Königs function.
The aim of this note is to define first the Königs function of a semigroup by using a categorial construction which was first partially introduced in [4] and completely developed in [2] , and then to show how to recover the existence of infinitesimal generators and the Berkson-Porta formula from this. This point of view allows to obtain immediately the uniqueness and functorial properties for every linearization model.
For the sake of clearness, we are going to restrict ourselves to the (more delicate) non-elliptic case. Nevertheless, our arguments can be easily adapted to the elliptic case. As one might expect this approach leads to new proofs of several well-known results. At this respect, we want to underline our proof of Theorem 4.7 and the deduction of the Berkson and Porta's decomposition theorem.
THE DIVERGENCE RATE AND HYPERBOLIC STEPS
Given a Riemann surface Ω, we denote by k Ω (z, w), z, w ∈ Ω, the hyperbolic distance of z and w in Ω. We simply write ω := k D .
We recall here some results from [2, Section 2]. For the sake of completeness, we sketch some proofs. Our first step is to introduce a quantity, called divergence rate, which, roughly speaking, measures the average hyperbolic speed of escape of an orbit of a semigroup.
Lemma 2.1. Let (φ t ) be a continuous semigroup on a Riemann surface Ω. Then for all z ∈ Ω the limit
This number c Ω (φ t ) is called the divergence rate of (φ t ).
Proof. Fix z ∈ Ω. For s,t ≥ 0, using the triangle inequality and the contractiveness property of k Ω under holomorphic maps, it holds
Hence, the function [0, +∞) ∋ t → k Ω (z, φ t (z)) is a non-negative continuous subadditive function. By Fekete's Theorem, the limit
It remains to show that c(z) is independent of z ∈ Ω. To this aim, let w ∈ Ω be another point. Then, using again the triangle inequality and the contractiveness of the hyperbolic distance, we have
Therefore, dividing by t and taking the limit as t → ∞, we see that c(z) ≤ c(w). Changing z with w and repeating the previous argument we get c(z) = c(w).
Remark 2.2. It is clear from the definition that if (φ t ) is a continuous semigroup in Ω such that there exists z ∈ Ω with φ t (z) = z for all t ≥ 0, then the divergence rate of (φ t ) is c Ω (φ t ) = 0. In particular, elliptic semigroups in D have zero divergence rate.
We introduce now another measure of "hyperbolicity" of a semigroup on a Riemann surface Ω, and relate it to the divergence rate.
Let (φ t ) be a continuous semigroup on a Riemann surface Ω. Note that for r ≥ r ′ ≥ 0,
Hence, the function r → k Ω (φ r (z), φ r+u (z)) is decreasing in r and therefore the limit exists.
Taking this into account, we can define the hyperbolic step of a semigroup:
Definition 2.3. Let (φ t ) be a continuous semigroup on a Riemann surface Ω. Let u ≥ 0. The hyperbolic step of order u (or u-th hyperbolic step) of (φ t ) at z ∈ Ω is defined as
The 1-st hyperbolic step s 1 (φ t , z) is just called hyperbolic step.
On the other hand, if (φ t ) is an elliptic semigroup, not a group, in D then s u (φ t , z) ≡ 0 for all z ∈ D and u ≥ 0. Indeed, if τ ∈ D is the Denjoy-Wolff point of (φ t ) then φ t (τ) = τ for all t ≥ 0 and hence s u (φ t , τ) = 0. If z ∈ D is not the Denjoy-Wolff point of (φ t ), then by the continuous Denjoy-Wolff theorem, it holds lim t→+∞ ω(φ t (z), φ t+u (z)) = ω(τ, τ) = 0, hence s u (φ t , z) = 0. 
for all u ≥ 0 because of the contractiveness of the hyperbolic distance with respect to holomorphic functions. Then,
In order to prove the converse, let m ∈ N and u > 0. By the triangle inequality,
hence, by the Cesàro Means Theorem the right-hand side of the previous inequality converges to
This proves that
and the result follows.
In case of a non-elliptic semigroup in D the divergence rate is essentially equal to the spectral value.
By the continuous Denjoy-Wolff theorem,
Hence lim inf
Thus,
If (φ t ) is parabolic, that is λ = 0, that estimate implies that c = 0 as well. In case (φ t ) is hyperbolic, thus λ > 0, let R ∈ (0, 1) and let E(τ, R) be a horocycle of center τ and radius R. Since the point of E(τ, R) closest to 0 is
Therefore,
This result suggest the following very useful definition.
Definition 2.7. Let (φ t ) be a continuous semigroup on a Riemann surface Ω and suppose that φ t has no common fixed point, that is, there is no z ∈ Ω such that φ t (z) = z, for all t > 0. The semigroup is said hyperbolic if c Ω (φ t ) > 0 while it is said parabolic if c Ω (φ t ) = 0.
Formula (2.3) allows easily to see how the spectral value of a semigroup behaves under conjugacy. To set up properly the terminology, we give the following definition:
Let Ω be a Riemann surface and let (ϕ t ) be a semigroup in Ω. We say that (φ t ) is semi-conjugated to (ϕ t ) if there exists a holomorphic map
Proof. Since g : D → Ω is holomorphic, it contracts the hyperbolic distance. Hence,
Dividing by t and taking the limit as t → ∞, formula (2.5) follows at once.
is hyperbolic with spectral value η > 0, then (φ t ) is hyperbolic and its spectral value λ satisfies λ ≥ η.
Proof. Let c denote the divergence rate of (φ t ) andc that of (ϕ t ). By (2.3),c = 1 2 η > 0. Hence, by (2.5), c ≥c > 0, which implies in particular that (φ t ) is non-elliptic. Therefore, again by
and (φ t ) is hyperbolic.
HOLOMORPHIC MODELS
where Ω is a Riemann surface, h : D → Ω is univalent and (ψ t ) is a continuous group of automorphisms of Ω such that
We call the manifold Ω the base space and the mapping h the intertwining mapping.
Notice that given a model (Ω, h,
The previous notion of holomorphic model was introduced in [2] , where it was proved that every semigroup of holomorphic self-maps of any complex manifold admits a holomorphic model, unique up to "holomorphic equivalence". The central idea of this result is to define an abstract space (the space of orbits of a semigroup or abstract basin of attraction) which inherits a complex structure of a simply connected Riemann surface, in such a way that the semigroup is conjugated to a continuous group of automorphisms of such a Riemann surface. Moreover, a model is "universal" in the sense that every other conjugation of the semigroup to a group of automorphisms factorizes through the model (see [2, Section 6] for more details).
The model respects basic properties of the semigroup, in particular, the divergence rate.
Proof. By (3.1), for 0 ≤ s ≤ t, we have
hence the Riemann surface Ω is the growing union of {ψ −t (h(D))} t≥0 . Taking into account that h is an isometry between ω and k h(D) , we have
which proves (3.3). Finally, let z ∈ D. Then for all u ≥ 0, the u-th hyperbolic step of (φ t ) satisfies
where we used that ψ v is an isometry for k Ω for all v ≥ 0. Hence, c D (φ t ) = c Ω (ψ t ) by Proposition 2.5.
A first consequence of the previous result and the results of the previous section is that holomorphic models detect the type of the semigroups: Proof. The result follows directly from Theorem 2.6 and Lemma 3.3.
A second interesting consequence of Lemma 3.3 is: 
Assume s u (φ t , z) = 0 for some u > 0 and z ∈ D, and let w := φ u (z). Note that w = z, since (φ t ) is not elliptic. Moreover, h is injective, hence h(z) = h(w). Therefore, by (3.4), the domain Ω has two different points whose hyperbolic distance is zero. Hence Ω = C and k Ω ≡ 0. Then by (3.4) the result holds. Definition 3.6. Let (φ t ) be a semigroup in D. We say that (φ t ) is of positive hyperbolic step (or it is of automorphic type) if there exist z ∈ D and u ≥ 0 such that s u (φ t , z) > 0. Otherwise, we say that (φ t ) is of zero hyperbolic step (or it is of non-automorphism type).
By Remark 2.4, groups of automorphisms of D are of positive hyperbolic step, while elliptic semigroups in D which are not groups, are always of zero hyperbolic step. By Remark 2.4 and Corollary 3.5 it also holds that if (φ t ) is non-elliptic, then it is of positive hyperbolic step if and only if s u (φ t , z) > 0 for some-and hence for all-u > 0 and z ∈ D.
Let us denote by H := {ζ ∈ C : Re ζ > 0}, H − := {ζ ∈ C : Re ζ < 0} and, given ρ > 0, S ρ := {ζ ∈ C : 0 < Re ζ < ρ}. (1) (φ t ) is hyperbolic with spectral value λ > 0 if and only if it has a holomorphic model
is parabolic of positive hyperbolic step if and only if it has a holomorphic model either of the form (H, h, z → z + it) or of the form (H − , h, z → z + it). (3) (φ t ) is parabolic of zero hyperbolic step if and only if it has a holomorphic model (C, h, z → z + it).
Proof.
(1) Suppose (φ t ) is hyperbolic, with Denjoy-Wolff point τ ∈ ∂ D and spectral value λ > 0. By Theorem 3.2, there exists a holomorphic model (Ω, h, ψ t ) for (φ t ) with Ω = C or Ω = D. By (2.3) and Lemma 3.3, it holds
In particular, the hyperbolic distance of Ω is not identically zero, and therefore Ω = D. Moreover, since c D (ψ t ) > 0 and, again by (2.3), (ψ t ) is a hyperbolic group of automorphisms of D with the same spectral value λ . Using a Möbius transformation C such that C(D) = H, we can find an isomorphic holomorphic model for (φ t ) given by (H,C • h, z → e λt z). Let log z denote the principal branch of the logarithm on H, and let f : H → S π λ be the biholomorphism given by
Note that f (e λt z) = f (z) + it for all z ∈ H and t ≥ 0. Therefore it is easy to see that
On the other hand, if 
hence Ω = D. The group (ψ t ) has divergence rate c D (ψ t ) = c D (φ t ) = 0 by Lemma 3.3. Since (φ t ) has no common fixed point, (ψ t ) is a group of parabolic automorphisms of D. Conjugating with a suitable Möbius transformation, it follows that a holomorphic model for
, then by conjugating with a Möbius transformation, it follows that (φ t ) has a holomorphic model (D, h, ψ t ) with (ψ t ) a group of parabolic automorphisms of D. By Lemma 3.3, it follows then that (φ t ) is parabolic with positive hyperbolic step.
(3) The proof follows from an argument similar to (2), just noting that by Lemma 3.3, (φ t ) is of zero hyperbolic step if and only if the domain Ω given in Theorem 3.2 is C. Moreover, (ψ t ) can not have a fixed point in C, for otherwise (φ t ) would be elliptic. Therefore (ψ t ) is a group of translations in C.
The previous theorem has the following well-known consequence. Proof. By Theorem 3.7, (φ t ) has a holomorphic model of the form (S ρ , h, z → z + it) for some ρ > 0. In particular, by (3.3),
hence (φ t ) is of positive hyperbolic step.
FROM KÖNIGS FUNCTIONS TO INFINITESIMAL GENERATORS
Theorem 3.7 provides simple holomorphic models for a non-elliptic semigroup (φ t ) in D, which also give information on hyperbolic and dynamical properties of (φ t ). Indeed, the intertwining map h (and its image) contains all the information about the semigroup (φ t ). These models and maps deserve a special name:
The holomorphic model for (φ t ) given by Theorem 3.7 is called the canonical model of (φ t ) and the intertwining map h is the Königs function associated with (φ t ).
At a first sight, the use of the definite article "the" for denoting a canonical model might not seem to be a good idea. Indeed, although Theorem 3.7 assures that every canonical model for a given non-elliptic semigroup of D has the same base space and group of automorphisms, a priori, there could be other "Königs functions" intertwining the given semigroup with the same group of automorphisms. This is the case, in fact, but it turns out that all Königs functions are essentially unique up to a constant, so that the use of the definite article "the" is well justified: Proof. The "if" implications of the statements are clear. Thus, assumeh is a Königs function for (φ t ). Then, there exists an automorphism ν : Ω → Ω such thath = ν • h and for all t ≥ 0 it holds ν • ψ t = ψ t • ν. Since (φ t ) is non-elliptic, for all z ∈ Ω and all t ≥ 0 it holds
Differentiating (4.1) in t and setting t = 0 we obtain ν ′ (z) ≡ 1. Integrating in z, we obtain ν(z) = z + c for some c ∈ C. Moreover, if (φ t ) is either hyperbolic or parabolic of positive hyperbolic step, since Ω is a half plane or a strip, and ν(Ω) = Ω, then c is pure imaginary. From this, (1) and (2) hold.
Königs functions associated with non-elliptic semigroups are related with a very specific type of univalent functions. We start with the following simple result. Remark 4.4. Arguing as in the proof of the previous proposition and using the Lehto-Virtanen's Theorem, it follows that under the hypotheses of Proposition 4.3,
where the limit has to be understood in C ∞ . However, such a condition by itself does not characterize the Denjoy-Wolff point of (φ t ), while (4.2) does, as we will see later on. Proof. Let h be the Königs function of a non-elliptic semigroup (φ t ) in D with Denjoy-Wolff point τ ∈ ∂ D. By Theorem 3.7, for all t > 0
is a parabolic semigroup of zero hyperbolic step and h is its Königs function, (2) if a = −∞ and b < +∞, then (φ t ) is a parabolic semigroup of positive hyperbolic step, and its canonical model is (H
hence h(D) is starlike at infinity. Moreover, lim sup z→τ Im h(z) = +∞ by Proposition 4.3. Hence h is starlike at infinity with respect to τ.
Conversely, let us assume h is starlike at infinity with respect to τ. Define φ t (z) := h −1 (h(z) + it), for all z ∈ D and t ≥ 0. Now, it is clear that (φ t ) is a (continuous) semigroup in D, without fixed points in D.
First, note that if
From this and from Theorem 3.7, taking into account that h + α satisfies (3.1) for all α ∈ R, implications (1), (2), (3) and (4) follow easily. As an example, let us prove (2) . In this case, Ω = {z ∈ C : Re z < b}. Therefore, if we leth := h − b, it follows thath satisfies (3.1), and since
is the canonical model of (φ t ), and (φ t ) is a parabolic semigroup with positive hyperbolic step by the Theorem 3.7.
Finally, we are left to show that τ is the Denjoy-Wolff point of (φ t ). Assume this is not the case, and let σ ∈ ∂ D be the Denjoy-Wolff point of (φ t ). Leth be the Königs function of (φ t ). By Proposition 4.3, there exists a sequence {w n } ⊂ D converging to σ such that lim n→∞ Imh(w n ) = +∞. As we already noticed above, h =h − α for some α ∈ R, therefore, lim n→∞ Imh(w n ) = +∞ as well.
Since h is starlike at infinity with respect to τ, there exists a sequence {z n } ⊂ D converging to τ such that lim n→∞ Im h(z n ) = +∞.
The connected domain h(D) being starlike at infinity, there exists a curve Γ n ⊂ h(D) joining z n to w n such that min
In particular, for every R > 0 there exists n R ∈ N such that for all n ≥ n R and all ζ ∈ Γ n , it holds Im ζ ≥ R. This implies that if {ζ n } is a sequence such that ζ n ∈ Γ n for all n ∈ N, then
Now, let C n := h −1 (Γ n ). By construction, C n joins z n to w n , therefore there exists K > 0 such that diam E (C n ) ≥ K for all n ∈ N. Moreover, for any sequence {ξ n } such that ξ n ∈ C n , it holds h(ξ n ) ∈ Γ n . Hence, by (4.3), the sequence {h(ξ n )} converges to ∞ in C ∞ .
Therefore, {C n } is a sequence of Koebe arcs for h, contradicting the no Koebe arcs Theorem. Hence τ = σ and we are done.
Next theorem was first proved under slightly different hypotheses in [6] for holomorphic functions from the upper half-plane and in [5] for the unit disc case. 
Moreover, equality holds at some -and hence any -z ∈ D if and only if
for some a ∈ R \ {0} and c ∈ C.
Proof. Let C σ : D → H be the Cayley transform with respect to σ given by σ (z) =
Therefore, (4.4) is equivalent to
Moreover, it is easy to see that h is starlike at infinity with respect to σ ∈ ∂ D if and only if g is starlike at infinity, namely, g is univalent, for every t ≥ 0 it holds g(H) + it ⊂ g(H) and lim sup w→∞ Img(w) = +∞.
Thus, in order to prove the result, we have to prove that g is starlike at infinity if and only if g is not constant and (4.6) holds.
To start with, assume that (4.6) holds. First of all, note that if there exists w 0 ∈ H such that Im g ′ (w 0 ) = 0, by the Maximum Principle for harmonic functions, it holds Im g ′ (w) ≡ 0, and hence g ′ (w) ≡ a for some a ∈ R. Namely, g(w) = aw + b for some b ∈ C. Since g is not constant, a = 0 and it is easy to see that g is starlike at infinity. Moreover, a direct computation shows that h has the form (4.5).
Assume now that Im g ′ (w) > 0 for all w ∈ H. By Noshiro's Theorem, the function g is univalent. Also, let y > 0 and r ∈ R. Since
it follows that the function R ∋ r → Re g(y + ir) is decreasing. This implies that the curve R ∋ r → g(y + ir), that parametrizes ∂ g(E H (∞, y)), intersects every vertical line at most in one point -here E H (∞, y) denotes the horocycle of H at ∞ of radius y. Therefore, either g(y + ir) + it ∈ g(E H (∞, y)) for all t < 0 or g(y + ir) + it ∈ g(E H (∞, y)) for all t > 0. However, the first possibility is excluded because g preserves the orientation. Therefore, for every t ≥ 0, and for every y > 0 it holds (4.7) g(E H (∞, y)) + it ⊂ g(E H (∞, y) ).
By the arbitrariness of y, it follows that g(H) + it ⊂ g(H) for all t ≥ 0. Therefore, in order to prove that g is starlike at infinity, it remains only to show that lim sup w→∞ Img(w) = +∞. Suppose by contradiction that lim sup w→∞ Im g(w) = A < +∞. We claim that this implies that g(H) is contained in {w ∈ C : Imw < A}, which is clearly impossible since g(H) is starlike at infinity. Suppose the claim is false. Hence there exists w 0 = x 0 + iy 0 ∈ H such that Im g(w) > A + ε, for some ε > 0. Since Im g ′ (w) > 0 for all w ∈ H, the curve [x 0 , +∞) ∋ r → Im g(r + iy 0 ) is increasing, hence lim sup r→+∞ Im g(r + iy 0 ) ≥ A + ε, a contradiction. This proves that g is starlike at infinity, as needed.
Assume now that g is starlike at infinity. We want to show that (4.6) holds. First, we claim that ( * ) g starlike at infinity implies (4.7).
Assume the claim ( * ) is true. Fix y > 0. Then the function R ∋ r → Re g(y + ir) is either monotone or constant. Indeed, assume it is not constant, and that, by contradiction, there exist r 0 , r 1 ∈ R such that Re g(y + ir 0 ) = Re g(y + ir 1 ). Since g is univalent, Img(y + ir 0 ) = Im g(y + ir 1 ) and we can assume that Im g(y + ir 0 ) > Im g(y + ir 1 ). Let t := Im g(y + ir 0 ) − Im g(y + ir 1 ) > 0. By (4.7), g(y + ir 0 ) = g(y + ir 1 ) + it ∈ g(E H (∞, y)), which is a contradiction. Therefore, if not constant, the function R ∋ r → Re g(y + ir) is monotone. Moreover, by (4.7), it is clear that g maps E H (∞, y) onto the connected component of C \ g(∂ E H (∞, y)) which contains the curve (0, +∞) ∋ r → g(y + ir). Since univalent maps preserve orientation, this implies that, if not constant, the function R ∋ r → Re g(y + ir) is strictly decreasing. In particular, Im g ′ (y + ir) = − ∂ ∂ r Re g(y + ir) ≥ 0, and (4.6) holds. Now, we show that claim ( * ) holds. Fix y > 0. By Theorem 4.6, there exists α ∈ R such that h + α is the Königs function of a non-elliptic semigroup (φ t ) in D with Denjoy-Wolff point σ . In particular, for all t > 0, taking into account that φ t (z) = h −1 (h(z) + it)) and the continuous Denjoy-Wolff theorem, it holds From our previous construction and analysis of the Königs function, we finally show how to generate the infinitesimal generator of a non-elliptic semigroup as well as how to deduce the Berkson-Porta decomposition theorem.
